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Abstract

A general subresultant method is introduced to compute elements of a
given ideal with few terms and bounded coefficients. This subresultant
method is applied to solve over-determined polynomial systems by either
finding a triangular representation of the solution set or by reducing the
problem to eigenvalue computation. One of the ingredients of the sub-
resultant method is the computation of a matrix that satisfies certain
requirements, called the subresultant properties. Our general framework
allows to use matrices of significantly smaller size than previous methods.
We prove that certain previously known matrix constructions, in partic-
ular, Macaulay’s, Chardin’s and Jouanolou’s resultant and subresultant
matrices possess the subresultant properties. However, these results rely
on some assumptions on the regularity of the over-determined system
to be solved. The appendix, written by Marc Chardin, contains relevant
results on the regularity of n homogeneous forms in n variables.

1. Introduction

Let fi,...,fn € Clz1,...,2,] be an over-constrained system of homogeneous
polynomials of degree dq,...,d, respectively. A prevalent symbolic method to
find the common roots of a multivariate polynomial system is based on Poisson
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type product formulae for the projective resultant (see for example Cox et al.
(11, Chapter 3))

Res(fi,....f) =R [  fi'0, (1)
VEV (5 fil)
where
My, w) = filwn, .. me1,1) di=1,...,n,

and the product is taken over the set of finite solutions of f3',..., f4 in C" L.
The extraneous factor R’ is a polynomial in the coefficients of the polynomials
folz,=0, - - Jule,—0, and vanishes if and only if fo,..., f, has a root at infinity,
i.,e. at x, = 0. The motivation for the present investigation stems from the

observation that, even in the univariate case, the expressions derived from (1)
for the coordinates of the common roots are not optimal, as the following example
illustrates:

Let us apply the product formula (1) to the univariate case. Let Res; be the
Sylvester resultant of the polynomials f; = c;o + cinx + - -+ + ciqr? i = 1,2.
Assume that f; and f; have exactly one common root a € C. (To simplify the
notation we dehomogenized the polynomials and assumed that they have an
affine common root.) Then (1) implies the following formula:

OResy
Jcyg

(fi,fa)ro: aReSd(flafZ))a (2)

8cld

(1:a:...:a% = (

thus

. (OResq/0c11)(f1, f2) (3)
(OResq/0cro)(f1, f2)

Therefore, we expressed the unique common root as the ratio of two polynomials
in the coefficients of the f;’s of degree deg(Resy) — 1.

Alternatively, we can find « using the univariate subresultant method (see
Collins (9) for reference). If f; and f, have exactly one common root « then it
is the solution of the homogeneous linear system with coefficient matrix

2d -1
Cip --- Cig
d—1
Sl = Cigp ... Cid s
Coyp ... Co4
d—1
Coyp ... Coq

where the rows correspond to the polynomials 7 - f; and 27 - f, for 0 < j < d—1.



A. Szanto: Solving systems by the subresultant method 3

Therefore, « is the ratio of two (2d — 2) x (2d — 2) non-singular minors of 5.
Thus, we expressed « as the ratio of two polynomials in the coefficients of the
fi’s of degree deg(Resy) — 2. This shows that the expression in (3) is not optimal,
the numerator and the denominator must contain superfluous components.

The primary concern of the present paper is to find efficient methods to com-
pute multivariate generalizations of the univariate subresultants and to use the
resulting subresultant matrices to solve over-constrained polynomial systems.
Gonzdlez-Vega (19) gives a multivariate generalization of the univariate sub-
resultant method using a non-homogeneous construction of Habicht (22). He
defines subresultants as subdeterminants of the Macaulay matrix, and he con-
structs a geometric representation of the zero-dimensional solution set of a given
polynomial system using subresultants. Chardin (7) introduces a more general
version of the subresultant, defined as the determinant of a homogeneous part of
the Koszul complex, or equivalently, as the ratio of two subdeterminants of the
Macaulay matrix. Chardin (8) proves that his subresultant construction satisfies
certain universal properties. Earlier, Lazard (29) gave a method related to the
one in the present paper which reduces the solution of polynomial systems to
linear algebra using Koszul complexes, without explicitly defining the subresul-
tants. Recently, D’Andrea and Jeronimo (14) use subresultants to test whether
a given set of monomials is a bases of the factor space of a well-defined polyno-
mial system. Other recent works on subresultants include Busé and D’Andrea
(4) proving that certain subresultants are irreducible and (3) using subresultants
in the inverse parametrization problem of rational surfaces.

In the present paper we first describe a general framework for subresultant
matrices and study the so called “subresultant property” with respect to a given
ideal. We show how to compute certain simple elements in the given ideal by
solving non-singular linear systems with coefficient matrices having the subre-
sultant property. We also introduce the notion of “strong subresultant property”
with respect to sets of polynomial systems. We prove that if a matrix has the
strong subresultant property with respect to some set of polynomial systems,
then for any given system in the set, the polynomials computed via the subre-
sultant method generate the same affine ideal as the given system.

Next we demonstrate that the solution of the polynomials computed by the
subresultant method is usually easier than the solution of the original system.
We show how to derive a triangular representation of their solution or express
the coordinates of the solutions as eigenvalues of multiplication matrices: all we
need is to set up small matrices from the coefficients of the polynomials, and take
determinants. In the case when the given over-constrained system has a unique
common root we give a determinantal formula for the coordinates of the root.
Gonzélez-Vega (20) gave a similar determinantal formula to find the solution set
of zero dimensional algebraic sets, using subdeterminants of the Macaulay ma-
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trix. Our general framework allows us to use matrices, described in the second
half of the paper, of significantly smaller size than that of Gonzélez-Vega (19),
which can improve the efficiency of the computations.

The second half of the paper is devoted to the description of subresultant ma-
trix constructions. We investigate on a subresultant matrix construction based
on the resultant matrices introduced by Jouanolou (27). The subresultant con-
struction using Jouanolou’s resultant matrices was originally introduced in (35),
and we call these matrices Jouanolou’s subresultant matrices. Jouanolou’s subre-
sultant matrices are generalizations of the matrix constructions of (19) and (8),
which we call here Macaulay’s subresultant matrices, in the sense that for each
Macaulay subresultant matrix (corresponding to a degree v) there is a family
of Jouanolou’s subresultant matrices satisfying the same “universal properties”,
and among them the Macaulay subresultant matrix has the largest size. Infor-
mally, the universal property that all the degree v subresultant matrices satisfy is
the following: for a system of (f1,..., f,) € Clxy,...,x,]" of homogenous poly-
nomials of degrees d = (dy,...,d,), the corresponding degree v subresultant
matrices have full rank if and only if dime Clxy, ..., 2], /Z, = Ha(v), where 7 is
the ideal generated by fi,..., fn, Z, is the set of degree v polynomials in Z, and

Hq is the Hilbert function of a complete intersection in C[zy, ..., x,] of degrees
d=(d,...d).

The main result of this paper is that simple modifications of Jouanolou’s degree
v subresultant matrices satisfy the strong subresultant properties with respect
to sets of homogeneous polynomial systems satisfying the following properties:
they do not have roots at infinity, the cardinality of the roots (counting multi-
plicities) is between Hq(v) and v, and the regularity of the Hilbert function of
the system is at most v.

The last section of the paper together with the appendix written by Marc
Chardin, is devoted to a discussion on the above assumptions, listing results
either cited from the literature or proved here allowing to identify whether the
above assumptions are satisfied, and/or handling the cases when they don’t.
These are meant to justify that the assumptions above do not constrain the
practical applicability of the subresultant method applied to Jouanolou’s subre-
sultant.

To summarize, the subresultant method using Jouanolou’s subresultant ma-
trices presented in this paper is a more efficient alternative to methods using
resultant matrices to solve polynomial systems. Our general framework could
also allow in the future to consider other subresultant matrix constructions to
improve efficiency, for example possible subresultant matrix constructions for
sparse polynomial systems. Some work has been done in this direction, see for
example (6; 13; 28).
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2. Notation

First we need some notational conventions:

NoOTATION 2.1: We use the following notation throughout the paper:

1. Let £ = (f1,..., fn) be homogeneous polynomials in x = (z1,...,z,) for
n > 2 and with coefficients from an integral domain R such that Z C R.
Let K be the fraction field of R, and denote the algebraic closure of K by
K. The ideal generated by fi,..., f, is denoted by (fi,..., f.).

2. For p € K|z, ..., 2,] we denote by

pA(xla s 7:1771—1) = p('xla sy Tn—1, 1)
the affinization of p. Similarly, for an set S C K[zy,...,x,], S* denotes
the set of its affine elements. For an ideal Z C K|z, ..., x,] generated by

fi, .-+, fu, Z denotes the ideal generated by f{,..., fAin K[z, ..., 2, 1].

3. x* denotes the monomial x7" - - - 22",

4. In our matrix notation, if M is a matrix of a linear map ® then each row
of M corresponds to an element of the basis of the domain of ¢ and each
column correspond to an element of the basis of the image space. (Note
that this is the transpose of the usual notation.)

5. Let K be a field and V' be a vector space over K. We denote by K(v1, ..., v,,)
the subspace of V' spanned by the elements vq,...,v,, € V.

3. The subresultant method

In this section we describe the subresultant method to compute elements in a
given ideal with few terms and bounded coefficients using solutions of nonsingu-
lar linear systems. We present the method in a general framework and presume
that a matrix satisfying certain conditions is precomputed. In the next section we
apply the subresultant method to compute a rational representation of the solu-
tion of over-constrained polynomial systems. In later sections we investigate on
various matrix constructions that suit the requirements described in this section.

The first definition gives the properties that a rectangular matrix has to satisfy
in order to be used in the subresultant method, called “subresultant properties”.
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DEFINITION 3.1: Let R and K be as above and let T C Klzy,...,x,] be an
1deal. Let [,m,r € Ny such that

1<li<m and m—1<r. (4)

Let M € R™™ be a matriz and let p = (p1,...,p) be a vector of polynomials
in Rlxy,...,x,]. We say that the pair (M, p) has the subresultant property
with respect to I if it satisfies the following conditions:

(1) There exist ajiq,...,an, € K such that for alli=1,...r

l m
ZMi’jpj + Z Mi,jaj S I, (5)
j=1 i=it1
where M, ; is the (i,7)-th entry of M.

(2) There exists T C {1,...,m} with |T| =r and {l+1,...,m} C T with the
following properties:

(a) the square submatriz of M with columns corresponding to T is non-
singular,
(b) foreachi ¢ T and j=1,...,n— 1 we have

zplt € Kpf,...ph),

(c) pt, ..., p{* generate K[xy, ..., 2, 1] as an ideal.

REMARK 3.2: Condition (1) of Definition 3.1 is trivially satisfied for pairs (M, p)
when m = [ and the entries of the vector M - p are in the ideal Z. For example,
the Macaulay subresultant matrix, together with the vector of monomials corre-
sponding to its column, satisfies this weaker condition. On the other hand, the
Jouanolou subresultant matrix only satisfies condition (1) above.

The second condition ensures that the ideal elements in (5) generate a sufficiently
large ideal. Parts (b) and (c) of condition (2) is satisfied for example if for some
k >0 Mon,_(k) C {pi,...,pi'} and either {p? | i € T} C Mon,_;(k — 1) or
#{pt|i g€ T} =m—r < k. Here Mon,,_;(k) denotes the set of monomials of
degrees at most k in xy,..., 2, 1.

In the next proposition we give an upper bound for dim Kz, ..., 2, 1]/Z4
in terms of the corank of a matrix with the subresultant property with respect
to Z.

PROPOSITION 3.3: Let R and K as above and let T C Klzy,...,x,] be an
ideal. Let I,m,r € Ny, M € R™™ and p = (p1,...,m) € Rlzy,...,2,]" be as
in Definition 3.1, and assume that (M, p) has the subresultant property w.r.t. Z.
Then I is a zero dimensional ideal and

dimg K[z, ..., 2,1]/T* <m —r.
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Proof: By (35, Lemma 3.2.5) we have that condition (1) of the subresultant
property implies that for any S C {1,...,m} such that |S| = r — 1 and {l +
1,...,m} C S we have

> (10 Dy p; € T, (6)
Jgs
where Dy denotes the determinant of the submatrix of M corresponding to the
columns indexed by X, and o(j, S) denotes the ordinal number of j in the ordered
set SU{j}. Let T C {1,...,m}, |T| = r as in condition (2) of the subresultant

property, and let 7 C {1,...,1} be its complement, which has cardinality m —r.
Then Dy # 0 by assumption, and by (6) we have that

Drpi+ > +Drogy—@p; € T Vie{l,....}nT. (7)

jeT

After dividing the elements on the left hand side of (7) by Dr we get that
D1, ..., is generated by B :={p; : j € T} modulo 7 as a vector space over K.
This implies that pf,..., pi* is generated by B4 = {pf : j € T} modulo Z# as a
vector space over K. To prove that K[z, ..., 7, 1] is generated by B modulo
T4 as a vector space over K, let f € K[xy,...,2,_1]. Then by condition (2)(c)
in Definition 3.1 and by the above argument we can write

!
f= Zfz’p? = Zgjpf mod Z4
i=1

jeT

for some f;,g; € Klx1,...,2,1]. If max;p(degy(g;)) > 0 then by condition
(2)(b) of Definition 3.1 we can write

n—1
Zgjp? = Z Z hijxip;l + Z hjp? = Zgjpf mod Z4
Jj€T i=1 jeT jeT jeT

where max; 7(deg,(g;)) is strictly smaller than max;z(degy(g;)). Therefore,
using induction on max;r(deg,(g;)), we can write

f= ZgijA mod 74

JjeT
where g; € K for all j € T. This implies that
dim K[z, ... 2, 1]/TP <m —7
as claimed. a

In the following definition we define the “subresultant method”.
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DEFINITION 3.4: Let R and K be as above and assume that the ideal I C
Klzy,...,x,] is given by a finite set F C Rz, ..., x,] of generators as input.
We call subresultant method the computation of the following objects:
i. A matriz M € R™™ and a vector p = (p1,...,p) € Klay,...,2,]" as in
Definition 3.1 such that (M, p) has the subresultant property for T.
. T C{l,....m}, |T|=r,{l+1,...,m} CT such that Dr # 0, where Dr
denotes the determinant of the submatriz of M with columns corresponding

toT.
iti. The set of polynomials
S(M,p) :={z;-plieTn{l,...,l}} (8)
where z; = (zi1,...,24) € K fori € TN{1,...,1} are defined by
Zii = o(iT—1iV) Pr_ginug e
J (_1) (3, T—{i}) ZT 1{)T} {5} lfj QT,

where o(j, T — {i}) denotes the ordinal number of j in the ordered set T U
{j} ~{i}. Note that by the proof of Proposition 3.3 we have S(M,p) C T.

In the next proposition we relate the coefficients of the polynomials in S(M, p)
defined in (9) to the dual of the column-nullspace of M. Since the parametric
equations of the nullspace of a full rank matrix can be computed by the solu-
tion of non-singular linear systems, this observation allows to compute the set
S(M,p) in the subresultant method using basic numerical linear algebra tools.
The proof of the proposition is straightforward linear algebra, and we leave it to
the reader. Before stating the proposition, we introduce the following notation:

NoTATION 3.5: Let K be a field and M € K™™ be a matrix. The column-
nullspace of M is defined as the subspace

cnull(M) :={we K" | M -w =0} (10)

and its dual is defined as
cnull™ (M) := {z € (K™)* | z(cnull(M)) = 0}. (11)
Note that if rank(M) = r then dim(cnull(M)) = m —7 and dim(cnull*(M)) = r.

PROPOSITION 3.6: Let M be an s X m matriz with entries from a field K.
Let r := rank(M). Fix T C {1,...,m} such that |T| = r and the columns of
M corresponding to T are linearly independent. Then the set of vectors {z; =
(zity -y 2im) | 1 < i <r} defined as

| =iy if jeT
%ij = (_1)a<j,Tf{i}>DT—g;u{j} ifigT
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forms a basis for cnullL(M ). Here Dx denotes the minor corresponding to the
columns of M indexed by X for any set X C {1,...,m} with |X| =r and any
fized r rows of M such that Dr # 0. As above, o(j,T — {i}) denotes the ordinal
number of j in the ordered set TU{j} ~{j}. Moreover, once we fix the columns
T as above, the values of DT+’;U“} (ieT,j¢&T) donot depend on the choice
of rows as long as Dy # 0. &

Example 3.7: Let n = 3, d = (3,3,2) and f = (f1, f2, f3) be the following generic polynomial system in
x:=(z,9,%)

1 = a0x3 + a1x2y + a2x2z + a3a:y2 + aaxyz + a5x22 + a6y3 + a7y22 + agyz2 + a923
fo = box® + bizly + box?z + bsxy? + bazyz + bszz? + bey® + bry®z + bgyz? + bgz> (12)
fa = com2 +ci1xy + coxz + cgy2 + cayz + C5z2.

Define M to be the following 8 x 11 matrix (which is the Jouanolou subresultant matrix of f with n = 2 and
v = 4, see later sections):

Hy2 23 NuZ,EZy Hy2 222 lu’u2,ry2 Muz,zyz Hy2 322 Muz,y3 Muz,yQZ Mur",yz2 Hy2 23 co
lu"vu,z3 tu"uu,zzy lu‘vu,z2z /‘Lvu,zyz Hou,zyz /'Lvu,zz2 /’l‘vu,y?’ iu"uu,yzz lu‘vu,yzz /'Lvu,zg €1

Hoy2 23 Ho2 g2y Hy2 522 Ho2 gy2 M2 gyz  Ho2 22 Hoyy2 43 Ho2 g2z Hy2 y22 Hy2 23 €3

ag ai as as aq as ag a7 as ag 0
co c1 c2 c3 cq cs5 0 0 0 0 0
bo b1 bo b3 ba bs be by bs by 0
0 co 0 c1 c2 0 c3 cq cs 0 0
L 0 0 co 0 c1 [ 0 c3 c4 cs 0 |

where 1,5 yo  are coefficients of the “Morley forms” (see (27)) and are multilinear forms in the coefficients of
f1, f2, f3, for example

Hoyp,z2y = —a1€1b5 + azcobs — agesbs + asbic1 + asbocs — aszbocs — ascobs + aobses.

Let p be the following vector of 10 polynomials of degree v = 3:

Define for i =1,...,7 and j = 8,9, 10

D{1,4..,%,...,7,11}u{j}
D1, 7,11}

dij = (=1)"""

where Dx denotes the subdeterminant of M with columns indexed by the set X C {1,...,11}, for | X| = 8.
Note that d; ; are well defined in K since Dyy, . 7,11} # 0. Take the elements z; = (2;1,...,%i10) fori=1...7

defined as follows:
o =6y f1<i<T
FUT\ diyy if=18,9,10

where d; ; denotes the Kronecker symbol. Then, by definition, the following 7 polynomials will form the set
S(M,p):

z1-p = —22 +di1,8y?2 + di1,92%y + di1,1023, z2 - p = —yx? +d2,8y%2 + d2,02%y + d2,102°,

z3 - p = —202 + d3,8y%2 + d3,902%y + d3,102%, 24P = —y%z + da,3y?z + da,92%y + da,102°, 13
z5 P = —2yx + ds 8y22 + ds5,02%y + ds,1023, 26 - P = —2%z + de,sy?2 + ds,92%y + ds, 1075, (13)
z7-p = —y> +d7,8y%2z + d7,92%y + d7,102°.

As we shall see in the proof of Proposition 5.6, the pair (M, p) satisfies the subresultant property, thus S(M, p) C
T = {f1, fa, f3)-
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As we shall see in the next section, in many cases the computation of the
common roots of the system S(M,p) is much easier than the solution of the
original input system F' C R[zy,...,x,]. As we noted earlier, the subresultant
property implies that

S(M,p) CT.

In the following proposition we prove that if the dimension of the factor algebra
of T4 equals the corank of M then

S(M,p)* =14 (14)

ProrosiTION 3.8: Let R, K, 7, p, and M € R"™™ be as in Definition 3.1, and
assume that (M, p) has the subresultant property with respect to Z. Let S(M, p)
be the set defined in Definition 3.4. Then

dimg K[z1,..., 2, 1]/T " =m —r (15)

implies that
74 = S(M,p)~.

Proof: Since (M, p) has the subresultant property w.r.t. Z we have S(M,p) C Z.
This also implies that S(M,p)* C Z#. Denote by J* the ideal generated by
S(M,p)* in K[zy,..., 1, 1]. It is sufficient to prove that

dimK(zy, ..., 20_1]/J* <m —7.

Let T'C {1,...,m}, |T| = r be such that the columns of M indexed by T form
a non-singular matrix. Let B4 := {p | i € T}, where T is the complement of
T and has cardinality |T'| = m — r. By the definition of z; for i € TN {1,...,1}
in (9) we have that the equivalence classes of the elements in B# generate the
factor space
K{pi',....p")
K(z; -pAlieTn{l,... I})

Using the same argument as is the proof of Proposition 3.3 we can see that B4
also generates K[zy, ..., 2, 1]/J* as a vector space over K. This implies that

dim K[z, ..., 2,1]/T* <m—r

as claimed. Note that by (15) we have that B4 forms a basis for K|y, . .. z,_1]/Z%.
g

We finish this section by defining properties of “generic” matrices, i.e. matrices
with parametric entries, such that they can be used to compute the solutions of
families of specific polynomial systems via the subresultant method. Informally,
we call a generic matrix a “strong subresultant matrix” with respect to a set of
polynomial systems if for any given system in the set, the polynomials computed
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via the subresultant method generate the same affine ideal as the given system.
In the second part of the paper we study particular matrix constructions and
prove that they are strong subresultant matrices with respect to certain sets of
polynomial systems.

First we need the notion of “generic” and “specified” polynomial systems as
well as a notion of “affine k-sets”.

DEFINITION 3.9: (i) Let

= ) Chyox”, = > ChoX" €ER[zy,... 1)

laf=dy laf=dn

be homogeneous polynomials with parametric coefficients Cy,; , where we as-
sume that R is an integral domain containing Z[Cy

mial Thenf =(f1,--s fn)
is called a generic system of degrees (di, ... ,dn).

(i) A coefficient specialization is a ring homomorphism ¢ : Z[Cy, || — k

for some field k, sending each coefficient Cy,; , into its value. We usually
denote the specialization of a generic system f by f= (fl, cee fn) and by 7
the ideal generated by fi,..., fn in K[xy,. .., z,)].

(i11) Let f be a generic system of degrees (dy,...,d,) and let k > 0. We say that
a set F C k[x|" of coefficient specializations of f is an affine k-set, if for
al f=(f1,...,fn) €F,

dimy klzq, ... ,xn,l}/i’A =
where T4 is the ideal generated by ff‘, ey f;;‘
Next we define the “strong subresultant property”.

DEFINITION 3.10: Let R be as in Definition 3.9 and let K be the fraction
field of R. Let £ = (f1,...,fa) be a generic system with degrees (di,...,d,)
in Rlzy,...,2z,). For some k,l,;t,u € N let M € R be a matriz, p =
(p1,-..,m) € Rlay,...,2,]" be a list of polynomials, and let F C k[zy, ..., x,|"
be an affine k-set of coefficients specializations of f.

We say that the pair (M, p) has the k—strong subresultant property with
respect to F if for all f € F there exists a submatriz M’ of M of size T X m such
that r = m — k and (M’, f)) has the subresultant property w.r.t. T. Here T is the
vdeal generated by f, and M € kK™ and p € k[zy, .. x,]! denotes the coefficient
specializations of M and p corresponding to f, respectively.

As a consequence of Propositions 3.3 and 3.8 we get the following corollary.

COROLLARY 3.11: Letf, M, p be as in Definition 3.10, and assume that (M, p)
has the k-strong subresultant property w.r.t. some affine k-set F C K[wy, ..., x,]"
for some k > 0. For feFlet (M’, p) be the pair with the subresultant pmperty
that satisfies the conditions of Definition 3.10. Let J be the ideal generated by
S(M',p) defined in Definition 3.4. Then

jA:IA
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4. Solution of polynomial systems

In this section we follow an approach similar to the one in (20) and translate the
subresultant method in Definition 3.4 into a tool for solving polynomial systems.
We give a triangular representation of the common roots of S(M, p) defined in
(8) in the case when the polynomials in p = (py, ..., p;) satisfy certain conditions.
We also give a method to compute the matrices of the multiplication maps of the
coordinate functions. These matrices has the coordinates of the common roots as
eigenvalues. The techniques described in this section are very simple, only using
matrix multiplication and determinant computation on small matrices. In order
to motivate the hypotheses and the construction, we first describe the method
and the proof of correctness, and then we summarize the results in a proposition.
Let p? = (p?, ..., pi*) be a vector of polynomials in k[zy, ..., z,], and assume
that the first k polynomials p?, ... pit are linearly independent over k for some
k>0.Let z; = (2i1,...,2;) €k' (i=1,...,1 — k) be any vectors such that

Zij = 5i,j7k lfj =k + 1, e l, (16)

where §; ;_ is the Kronecker delta. Then the equivalence classes of [p{!], ..., [p:]
form a basis for the vector space

Voo kdoooph) (17)
k(z;-p4,... 2 - p?)
Let ¢* € k(x1,...,7,_1) be any rational function such that
prekpd . phy i=1,.. .k
Define the linear transformation
pgr sV =V, [l = 'p] j=1,.. k. (18)

Then it is easy to see that the values ¢* (&), ..., ¢4(&) € k are eigenvalues of g,
where &;,...,&, are the common roots of the polynomials z; - p#, ...,z - p~.
Moreover, if ¢*(&1), ..., ¢ (&) are all distinct, then they provide all eigenvalues
of p,a and the eigenvector corresponding to ¢*(&;) is v(&;) == (pi(&;), ..., pi(&;))
for j = 1,...,k, which are independent of ¢*. Here the coordinates are taken
with respect to the basis {[pi],...,[pa]} of V. Note also that if the values
(&), ..., q* (&) are not all distinct, i.e. ¢ (&;) has multiplicity m; (the roots are
also counted with multiplicity), then ¢#(¢;) is an eigenvalue of y,4 with multi-
plicity m;, and the generalized eigenspace corresponding to ¢ (&;) is independent
of ¢* (see Cox et al. (11, Chapter 4)).

In the next corollary we state sufficient conditions on p so that we can easily
compute the matrices of the multiplication maps p,, for i =1,...,n — 1. Com-
puting the eigenvalues of these matrices simultaneously gives an algorithm to
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find the common roots of z; - p*, ...,z - p*, together with their multiplicity.
Many other authors give methods to compute the matrices of the multiplication
maps (see for example (1; 36; 32; 10; 30; 33; 34; 24; 21; 17; 2)), here we show
how to compute them from subresultant matrices.

COROLLARY 4.1: Let p* = (pi',...,p") € k[zy,..., 2, 1] be a vector of poly-
nomials and let 0 < k <. For1 <i <l—k letz; = (zi1,...,2i1) € K™ be vectors
as in (16), and let V' be defined as in (17). Assume that for alli=1,...,n—1
and j =1,...,k there exist ayz €k (1 <t<I) such that

l
T 'pf = Zaﬁ pf' (19)
t=1
Define the following matrices for 1 <1 <n — 1:

N\ Kk N\ Kyl
e (@) e (@) o I—k,k
A = (aj’t>171 B, = <aj’t>1,k+1 C = (zu,v)l,1 )
Then the k X k matriz A; + B; - C' is the transformation matrix between the basis
{[ph), ..., [pd]} € V and the set {[zpf], ..., [xpd]} C V, thus it is the matriz
of pe, defined in (18). m

Another method to compute the coordinates of the common roots of z; -
p?,...,zi_; - p? is to find a triangular representation for them. To this end
we first express the first coordinates of the common roots as the roots of the
characteristic polynomial of the map p,,. Then we also give expressions for the
other coordinates of the common roots in terms of the first coordinates. We need
the following assumption:

The first coordinates of the common roots of (z1-pt, ...,z - p?) are k
distinct elements of k.

Note that the case when (z; - p#,...,2_; - p?) has k distinct common roots
but the first coordinates are not distinct can be treated by a generic coordinate
transformation. As we mentioned above, even if some of the first coordinates
of the common roots have higher multiplicity, the eigenvalues of p,, will have
the same multiplicity. However, to compute the other coordinates of the com-
mon roots in terms of the first one is more complicated in this case, and we
will not consider it here. For a method to handle this case without coordinate
transformation see Diaz-Toca and Gonzalez-Vega (15).

First of all, using the notation and the claim of Corollary 4.1 the first co-
ordinates of the common roots of (z; - p?,...,2;_ - p) are the roots of the
characteristic polynomial

To express the other coordinates in terms of the first ones, fix a common
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root ¢ = (C1,...,Cu1) of (z1-P?,. .., z_k - P?). We denote the eigenvector of
Ay + By - C corresponding to (; by

v(Q) = (0, u(Q) = (01(Q), - 1 Q) € k™.
Therefore, using (19), we get that (; for 2 <7 < n — 1 satisfy

G-vn(Q)=e - (Ai+B;-C) 'V(C)T

where e; is the first canonical basis vector. We get a determinantal formula by
observing that the eigenvector

(O =2 0(Qk) = (PialC) = -+ - Pik(C)) (21)

for some 1 < i < k, where P; ; is the determinant of the submatrix of A; 4+ B -
C — x1 - I with the i-th row and the j-th column removed. If we assume that P ;
and det(A; + By - C' — x1 - I) have no common roots, then we can choose i = 1
for all eigenvalues of A; 4+ By - C', and get the formula

Z; - 73171:e1-(AZ-+BZ~-C’)~ ,PlT, (22)

where Py = (P14, ..., Pix) € k[z1]".
The application of equations (20) and (22) gives determinantal formulae for a
triangular representation of the common roots of S(M, p)* = {z,-p?,...,z1_x -

A
P}

We summarize the above construction in the following corollary:
COROLLARY 4.2: Let pt = (p, ..., ), zi = (zi1,...,211) € K™ for 1 <i <
[ —k and A;, B;,C for1 <i<mn-—1 beasin Qorollary 4.1. Assume that (z; -
pt, ..., zi_;-p?) has exactly k common roots in k", and the first coordinates of

the common roots are all distinct. Then for the first coordinates of the common
roots we have the defining equation

det(A1—|—BlC—m1]):0

To find the other coordinates we define the univariate polynomials P ; € klx]
to be the determinant of the submatriz of Ay + By - C — x1 - I with the first row
and the j-th column removed. Define the vector

731 = (7)1’17 o ,Pl,k) S k[l‘l]k

If
ngml(PLl, det(A1 —+ Bl . C — - I)) = 1.

then for each 2 <1 <n—1 we have the following determinantal formula for the
1-th coordinates in terms of the first ones:

where ey is the first canonical basis vector. &
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Example 3.7 (cont)
In this example we specified our system of three homogeneous polynomials to have 3 common roots in the
projective space:

Roots = {(z =2t,y = —t,z=—-2t),(z = —t,y=—t,z=1t),(x =t,y = —2t,z = 3t)}.

The polynomial system f consists of the following three polynomials:

= 335 129

fi = —?z3—53:c2y—66a:2z—37aty2—23zyz—?$22+82y3—42y2z—34y22+31z3,
fo = =762 +252%y — 6522z —60xy? — 61 ayz + 28 w22 — 306> — 28942z + 29 yz2 + 55 22,
= 599 995

fza = 78$2+94$y+ﬁxz—222y2—17yz+§z2

The subresultant matrix M € Q8*11 is the specialization of the matrix M defined in Example 3.7. The vector
p € Q[z,y, 2]'? is the same as in Example 3.7. We will prove in Proposition 5.6 that (]\;I, p) has the subresultant
property w.r.t. f. To demonstrate the method described in Proposition 4.2, we choose B := {p1,p2,p3} =
{23,2%y,222}. Then the following polynomials — corresponding to elements in cnull+ (]\7[) — are all in the

ideal <f1,f2,f3):

y2e — (5 a2y + X 19,3 4 23 222), sz—(3a:3+2m2z),

yz? — (—4 2z—4:c +z y) — (623 +72%2),

xyz — (—223 — 22y — 2222), Yy — (= 23 x3 §95211721‘2,2) (24)
oy? — (B 2%+ J Py + §a?2).

The set S(M, p) is defined as the set of polynomials in (24). By Proposition 3.8 we have that
=8(M,p)*,
where the affinization we use here is at x = 1. Since
y-BA = {y,v%,yz} C k(z?, 2%y, 222, 2%, wyz, 222, 4>,y 2, y22, za)A,

we can apply Proposition 4.2. Using (24), the transformation matrix between the bases B and y - B modulo
(S(M,p)) is the 3 x 3 matrix

0 1 0
_ 13 1 9
U=| % 3 3
2 -1 2

with characteristic polynomial 2X3 + 3X2 — 3\ — 2. The eigenvalues, 1, 7% and —2, of U are the values of y at
the common roots above.

We can find the values of z at the common roots by observing that the first row of the transformation matrix
between the bases B and z - B is [0, 0, 1]. Therefore, using the formula (23), we get that

131
s 3
Z:

-1 —2-A

1 9
= =\ =4

In other words, after substituting A = y, we get the following triangular description of the common roots of f:
S(M,p)* =V (2y° +3y* — 3y — 2, (~5/8 —2y) — (1/8 +3/2y +¢?)z) .

Note that if we choose B := {p1,p2,p4} = {23, 22y, y?} then the polynomials in S(M, p) are

xz?2 —1/9x3 +73: y—?zy, :E2z+193 x3 4 4/9 x> y—fxy,
szr162 xy+163 ye2 — 16,3 25 2y+ o2,
Ty g +1/906 y+16:vy7 y? —ad —3/22° y+3/2l’y,

23+ 3 23+ 28 22y 56 ry?
and we can get a triangular representation directly from S(M, p) without using Proposition 4.2:
3 3 2 2 2 13 3 2 8 o
yo —a® —3/2x%y + 3/2xy”, xz—i-?:r: +4/9z y—gxy) .

In the following proposition we consider the case when the polynomial system
has a unique common root. Similar expressions using subresultant matrices can

be found in (19; 8).
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PROPOSITION 4.3: Let f=(f1,....fn) € k[zy,...,x,] be homogeneous polyno-
mials. Let M € k™0 be a matriz and let p = (P, - - ,@) be a vector of degree
v homogeneous polynomials in [xy, ..., x,] such that (M, D) has the subresul-

tant property with respect to 7. Then fi, .-+, fn have either zero or one common
root in IPE_I. If fi,..., fn has one common root &€ = (& : -++: &) € P"L, then
we have the following equation in Py:

(P1(&) + - m(§)) = (D{2,~~ﬂ'+1} feec (_1>171D{1,...,IA...,T+1}> (25)

where D{L Pt denotes the mazimal minor of M with the i-th column re-

Y e

moved. Moreover, if we assume that Dy 4.y # 0 and
TiDn = xpp; for 1=1,...n—1 (26)
then the coordinates of & are given by
(&0 &) = (D{2,...,r+1} Derel (_1>n71,D{1,...ﬁ...,r+1}) . (27)

Proof: First note that condition (2) of the subresultant property in Definition
3.1 implies that the right hand side of (25) defines a point in PL. We can as-
sume without loss of generality that Dy, 113 # 0. Consider the linear equation
system L with unknowns ¢ = ((1,...,{;) given by

D¢
Lim (G- (-t o224 <),

Clearly L has a unique solution in P, which equals to

(G Q)= (D{z,...,rﬂ} Dl (_1)TD{1,...,...i...,r+1}> .
. e ~ r (_1)iD{1 Lae,r41}
Since (M, p) has the subresultant property w.r.t £, p; — Do (2 <
i <) is in the ideal generated by fi,..., fn Therefore, for any common root

§€PE " of iy, o we have that pi(€) — T ptartlp, (€) = 0. This implies

that f has at most one common root in IP’E_l. In the case when f has a common
root we get the claimed equation (25).
The second claim (27) is an immediate consequence of (25) and (26). O

REMARK 4.4: As we mentioned in the introduction, there is a formula involving
the partial derivatives of the resultant for the coordinates of the unique common

root, generalizing (2) above (cf. Jouanolou (25); Jouanolou (26); Gelfand et al.
(18); Jeronimo et al. (23)). If f = (fy = D%, Cay ;T [ = Z;":l Can ;T

J
is a system of generic homogeneous polynomials of degree d = (dy,...,d,) and
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f C k[zy,...,x,] is a coefficient specialization of f such that f has a unique
common root & then for all 1 <17 < n we have
. _ OResq , = OResq , ~
Qi1 I Qiyt; ) — MR . 28
G o) ( TaUAREE (f)) (28)
Note that
OR
deg P o Hy 6+ ) —1=[[d—1 VI<j<t,

Ci,a(4) .
! acl’a(-]) k?é’l/

where Hy: denotes the Hilbert function of a regular sequence with n — 1 homo-
geneous polynomials in n variables with degrees di = (dy,...,di—1,dig1, ..., dy)
(for reference see for example D’Andrea and Dickenstein (12)), and § = > | (d;—
1). On the other hand, if we apply Corollary 4.3 and the results of (19; 8) with
the Macaulay or Jouanolou type subresultant matrices, then the determinants
on the right hand side of (25) can be replaced by the subresultants, and their

degree in the coefficients of f; is H; (6 — d;) and we have
Haz((s - dz) < Haz((s - dz + 1) —n.

This shows that the use of subresultants improves methods using formulas anal-
ogous to (28) when solving polynomial systems. Note that (25) uses the deter-
minants of subresultant matrices, which are multiples of the subresultants, but
the extraneous factor is smaller than the extraneous factor for the determinants
of resultant matrices.

5. Strong subresultant theory for Jouanolou type matrices

For homogeneous multivariate polynomial systems Gonzélez-Vega (19) and Chardin
(8) generalized the notion of univariate subresultants of Collins (9) using Macaulay
matrices. As we mentioned in the introduction, these subresultant constructions
are special cases of the Jouanolou type subresultant construction (c.f. Szanto
(35)). Therefore, we only describe the latter, following the approach of Szanto
(35).

First we recall the definition of the Jouanolou subresultant matrix J, ,(f) de-
fined in Szanto (35). As we shall see, the matrix J, ,,(f), together with a vector
of monomials corresponding to its columns, form a pair satisfying the subre-
sultant property. In the end of the subsection we give a modification of the
matrix J, ,(f) which, together with the vector of monomials corresponding to
its columns, satisfies the k-strong subresultant property with respect to affine
k-sets of polynomial systems F, where the exact conditions on k£ and F are
specified below.
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Before the definition of the subresultant matrices, we define sets of mono-
mials corresponding to columns and rows of the Jouanolou type resultant and
subresultant matrices (c.f. Jouanolou (27, Section 3.10) and (35)).

DEFINITION 5.1: Fiz d = (dy,...,d,). For n > 0 we define the following sets
of monomials

Mon,(n) = {x*|l|a]=n}
Repg(n) = {x*||af=mn, Jio >d}
Doda(n) = {x%||al=mn, Ji#ja;, >d;,o; > d;}.

For n < 0 we define all of the above sets to be the empty set. Also, we denote
by Mon’ (n) the dual basis of Mon,,(n) in the dual R-module (Mon,(n))*, and
similarly for Rep3(n).

For 0 <n' <mn let

Mon,(n,7) = {x*|la| =n,a, >7'}
Repg(n,1') = {x*e€Mon,(n,n)| I <n—-1 o >d; or a,>d,+1n'}.

We denote the sets of monomials corresponding to columns and rows of the
subresultant matriz by

Mon,(n,7) = Mon,(n) —Enn(n,n’)
Repqg(n,n') = Repq(n) — Repq(n, 7).

We may omit n and d from the subscript if it is clear from the context.

NoTATION 5.2: We use the following notations and assumptions:

1. Forv > 0and d = (di, ..., d,) we denote by Hq(v) the Hilbert function of
a regular sequence of n homogeneous polynomials in n variables of degrees
dy,...,d,.

2. Denote by ¢ the sum

n

5= (di—1).

=1

3. Fix n and v such that they satisfy the condition
0<d—v<n<d—n<v<o (29)

Informally, 1 denotes the smaller one among 7 and 6 — 7 in the definition
of Jouanolou’s matrix and v is the analogue of the degree in the Macaulay
type subresultant construction of Chardin (8). To simplify the notation, we
also introduce

n=n—0-v).
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Next we define the subresultant matrix J,,,(f).

DEFINITION 5.3: Let f = (f1,..., fn) € Rlz1,...,2,] be generic homogeneous
polynomials of degrees d = (dy,...,d,). Fix n and v such that they satisfy (29)
and let ' =n — (0 — v). The R-module homomorphism

Iy (£) : (Mon(n, n'))” ® (Rep(d — 1)) — (Mon(d — 1)) ® (Rep(n, n'))"
corresponding to the subresultant matriz is defined as follows. Let
Qy + (Mon(n, 1)) — (Mon(é6 — 7)), vy’ = Morls(x), (30)
where Morlg(x) is the Morley form defined in Jouanolou (27, Section 3.10), a
degree 0 — n polynomial in Rlxy, ..., z,]. Fort >0 define

@, (Rep(t)) — (Mon(1)), x> | 25— | - fu. (31)

i(a)

where i(a) denotes the smallest index such that oGy > dia). Let ®; , be the
dual of the map ®|(rep,(n.n) Testricted to (Mon(n,n'))*. Then J, ,(f) is defined
as

(yo‘,xﬁ) — (Qn,n’ (v*) + CI>5,,](X5), o7 (ya))
for y* € Mon(n,n')* and x° € Rep,(0 —n). Abusing the notation, we denote the
matriz of the map J,,(f) — in the given monomial bases — again by J, ,(f).

Permuting rows and columns, the matrix J,, ,(f) has the following structure:

Mon(d —n) Rep(n,n')*

nn' cb;;m, Mon(n,n')*

(I)an 0 R‘ep<5 - 77)

As we mentioned earlier, the subresultant matrix J, ,(f) is a submatrix of
Jouanolou’s resultant matrix (cf. (27)), and for v = 0 + 1 we get the resultant
matrix, which is square. The subresultant matrix is obtained from the resultant
matrix by erasing the rows corresponding to the monomials in Mon(#,7’) and the
columns corresponding to the monomials in Rep(n,n’). The difference between
the number of columns and rows of J,, ,(f) is Ha(v) (c.f. Szanto (35)).

Example 5.4: Let n =3,d = (3,3,2) and f = (f1, f2, f3) be polynomials in x := (z,y, z) as in Example 3.7.
We set n = 2. We obtain Jouanolou’s resultant matrix by taking v = § + 1 = 6, which is a 11 x 11 matrix
J2,6(f) with rows corresponding to the monomials

[ u2 uv uw ’U2 vw ’LU2 £E3 Z2ZE y3 2 23 }
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and the columns corresponding to the monomials

[acs yr?  zz? Y2z zyx 2Pz oy 9Pz 2%y 28 wQ},

using the variables u, v, w for the dual R-algebra.

For v = 5 we have n/ =n — (6§ — v) = 2, therefore we erase all rows of Jg 6(f) corresponding to monomials
which have degree 2 in the variable w. That is, we erase the single row corresponding to w?. Since Rep(2, 2) = 0,
we do not erase any columns. Thus the subresultant matrix Jo 5(f) has size 10 x 11.

For v = 4 we have i/ = 1, therefore we erase all rows which correspond to monomials of degree at least 1
in the variable w. Again, Rep(2,1) = 0, so we do not erase any columns. Thus the subresultant matrix Jo 4(f)
has size 8 x 11, with the rows corresponding to the monomials

[ w2 wu 0?2 2% 2% y3 22y 28 1,

while the columns still correspond to the monomials

[ z3 ymz zaw? yzm zZyx 22 y3 y22 z2y 23 w? ]

In the next definition we define square submatrices of the Jouanolou subre-
sultant matrix J,,, (f) such that the ratios of their determinants give the subre-
sultants.

DEFINITION 5.5: Letf, d, d§, n, v, ¥ and J,,(f) be as in Definition 5.3.

1. Let T C Mon(é — n) of cardinality Ha(v). Denote by MY (f) the mazimal
square submatriz of J,,,(f) with columns not corresponding to T .

2. Let Es_, denote the submatriz of ®s5_, (see (31)) with rows and columns
corresponding to monomials in Dod(d —n) (see Definition 5.1). Let B,/ be
the submatriz of ®; . (see Definition 5.3) such that its rows and columns
correspond to Dod(n) N Rep(n,n’).

3. Let T C Mon(d—n) of cardinality Ha(v). We define the subresultant T" (f)
corresponding to T by

(33)

det(M7%")
2V (f) = L :
7 (F) det(Es_,) det(E,,)

Note that the denominator of T%(£) do not depend on the choice of T.

Example 5.4 (cont)

To give an example when the denominator in (33) is nontrivial, we note that for d = (3, 3,2) Dodq(t) = 0 for
any t < 5, therefore, if 0 < n < 5, then the denominator of (33) is 1. For n = 0, Jouanolou’s matrix contains a
single row of Bézoutian type, therefore there is only one possible subresultant matrix Jg, 5 obtained by removing
this one row. Then Jo 5 is a Macaulay type subresultant matrix, which has size 20 x 21. Note that for v =6 —1n
we always get a Macaulay type subresultant matrix. Since Dod (s 39)(5) = {z322,y322}, therefore E5 has size

2 X 2:
ao ae
by be
Thus, for any 7 C Mon(5), |7| = 1, we have
0,5 det (M7°)
rz°(f) = —————.
aobs — asbo

In the following proposition we prove that the Jouanolou type subresultant
matrices satisfy the conditions of the subresultant property (see Definition 3.1).
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PROPOSITION 5.6: Let £ = (f1,..., fn) be generic polynomials of degrees d =
(dy,...,d,) in Rlzy,...,2,) and let 6, n, v, 0’ and J,,,(f) be as in Definition
5.3. Moreover, let p be the following vector:

pi= (a7 -x*W g xe) (34)

[Mon(é—n)]

where x*® € Mon(§ — 1) is the monomial corresponding to the i-th column of
Jy o (f) for1 <i < N :=|Mon(d—n)|. Assume that Ha(v) < d—n. Then the pair
(Jyo(£),p) has the subresultant property with respect to I, the ideal generated by
fireoos fn

Proof: By Szanto (35, Proposition 3.1.6) there exists 7 C Mon(d — n) of cardi-
nality Hq(v) such that M*" is non-singular. Also, the assumption that Hq(v) <
d —n implies that for any 7 C Mon(d —n) of cardinality Hy(r) conditions (2)(b)
and (2)(c) of Definition 3.1 are satisfied (see Remark 3.2). Therefore, if 7" is the
index set of the columns of J, , (f) not corresponding 7 then T satisfies condition
(2) of the subresultant property.

To prove condition (1) of the subresultant property, we cite Szanto (35, Lemma
3.2.7), where it is proved that the column vector

QP = (:UZ’Morl X )

nn' P 5(x) B Mon* (a7
(see (32) and Definition 5.3) is in the column space of the matrix ®;  modulo
the ideal Z. This implies that there exists aq,...,agr for R := |Rep(n,n’)| such
that if

~~ N~

[Mon(é—n)] [Rep(n,n")|

then the entries of the vector J, ,(f) - q are in the ideal Z. This proves condition
(1) of the subresultant property. a

We devote the rest of this section to give a modification of the Jouanolou
type subresultant matrix which satisfies the strong subresultant property (see
Definition 3.10). To understand the motivation for the construction what follows,
we first informally explain why (J,,(f), p) do not have the strong subresultant

property.

Let f = ( fi. .., fn) be a coefficient specialization of f such that there exists
T C Mon(d — n) of cardinality |7| = Hy(v) so that 277 generates k[x],/Z,.
Then, by (35)

I3(F) # 0.

But this does not imply that the matrix J,, ,(f) has maximal rank: if for example

det(Es_,(f)) = 0 (see Definition 5.5), then the rows of J,, , (f) are dependent. On

the other hand, in (35, Proposition 3.3.5) it is proved that I'?"(f) is the deter-

minant of a Koszul type complex of k-spaces — there denoted by K*(f,n,v, 7).
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Thus, the non-vanishing of I'%”(f) implies that K*(f,n, v, T) is exact. This im-
plies that the differential of K ’(f' ,n,v,T) at level 0 has the same rank as in
the generic case, thus its matrix must have a submatrix which has the same
size and rank as the generic Jouanolou type subresultant matrix J,, , (f). This is

the motivation of taking the larger matrix — corresponding to the matrix of the
differential of K*(f,n,v,7T) at level 0 — instead of J,, ,(f).

In the next definition we give explicitly the matrix corresponding to the level
0 differential of K*(f,n,v,T).

DEFINITION 5.7: Let f, d, v, n, 0 be as Definition 5.3. The R-module homo-
morphism 1, ,,(f) :

n

(Mon(n,7))* ® E)(Mon(5 — n — di)) — (Mon(s — 1)) & @(Mon(n — di,n'))*
=1 =1

1s defined as follows. Fort > 0 let

n

Oy @(Mon(t —d;)) — (Mon(t)), (x*D, ... xf®™)— Xn:xﬁ(i)fi.

i=1

Fort>1t >0 let

¢y (Mon(t,t'))* — @D (Mon(t — d;, t'))"

i=1

be the dual of ¢|@yr  (Mon(t—a;1ry Testricted to (Mon(t,t'))*. Let €, s be the same
as in Definition 5.3.
Then 3,,,(f) is defined as

(ya, <P ,Xﬁ(")) — (Qn,n’ (y*) + gzﬁ(g_n(xﬁ(l), . ,Xﬁ(")), O 1y (ya))

for y* € Mon(n,n')* and (x°1), ... x°™) € @I  (Mon(t — d;)). Abusing the
notation, we denote the matriz of the map 1, ,(f) — in the monomial bases —
again by 3, ,(f).

Example 5.4 (cont)
This example demonstrates the possible difference between the subresultant matrices defined in Definition 5.3
and the matrix defined in Definition 5.7. We also show the possible difference between

n

P (Mon(t — d;)) and  (Repq(t)).

=1

As before, we consider 3 generic polynomials of degrees d = (3,3,2). If 0 < n < 5 then for all v the
subresultant matrix Jy,, is the same as the matrix J,,,.

For n = 0 and v = 5 the subresultant matrix Jg 5 has size 20 X 21 as we mentioned in a previous example.
The matrix J 5 defined in Definition 5.7 has size 22 x 21. Its rows correspond to the 22 monomials:

2 3

2 2 2 2 2 2 2 2 2 3 2 2 3
o, xY, X2, Y , Y2, 2 , T ,TY, T2, Y ,YZz, 2 ,T ,T Y, T 2 TY , TYZ, T2 ,Y ,Y 2, Yz , 2z |.



A. Szanto: Solving systems by the subresultant method 23

Note that Repq(5) has the following 20 elements:

5

[ 4 4 3,2 3 3 2
zo, xy, x 2z, 27y, xyz, x

2 3 2 2 3.2 4 3 2 .2 3 _4 5 4 3_2 2_3 4 _5
2%, ytat, yzTet, 2727, yha, YT, yTw2®, yxet, 20w, v, vz, Y2, YT, Y2, 27

Dividing x € Rep,(5) by one of {23,y3,22} — the first one which divides x® — we get an injective, but not
surjective, map of sets:

Rep(5) — Mon(2) U* Mon(2) U* Mon(3).
In fact, the maps @5 of Definition 5.3 and ¢5 of Definition 5.7 are related the same way: while @5 first divides
x® € Rep(5) by the first one of [23,43, 22] which divides it, and then multiplies with the corresponding f;,
the map ¢5 simply multiplies 28 € Mon(5 — d;) by f;. The maps ®; » and ¢; ; relate similarly. The maps

corresponding to the Morley forms are exactly the same.

In the next theorem we show that (J,,(f), p) has the k-strong subresultant
property for all k& values such that Hy(r) < k < 6 —n and with respect to
an affine k-set Fy, defined below. Here p is the same as was defined in (34)
above. We use the notion of the dimension, degree and the regularity index of
the Hilbert function of homogeneous ideals, which we define first:

DEFINITION 5.8: Let T C k[x] be a homogeneous ideal, let Hz and Hypxz be
the Hilbert functions and let Pz and Pyx/z be the Hilbert polynomials of T and
k[x]/Z, respectively. We denote by

o(Z) ;= min{tg : Hz(t) = Pz(t) Vt > 1o},

and we call 0(Z) the regularity of the Hilbert function of Z. The dimension
of I, denoted by dim(ZT) is defined to be the degree of Pyxj/z (if Pxxjz = 0 then
dim(Z) := —1). If we assume that dim(Z) = 0 then Pz is a constant k, and
the degree of T is

deg(Z) = k.

REMARK 5.9: Classically, one either speaks of the dimension of projective vari-
eties (or schemes) or the dimension of rings (Krull dimension). Our definition
of the dimension of dim(Z) coincides with the dimension of the projective variety
Proj(k[x]/Z) C P%_l defined by Z. In this paper we assume that dim(Z) = 0. On
the other hand, this is equivalent to the Krull dimension of the ring k[x]|/Z being
1, which is also dimension of the affine variety defined by Z. This second notion
of dimension is used in the Appendiz. Note that the assumption that dim(Z) = 0
implies that deg(Z) equals to the number of common roots of T in P%_l, counted
with multiplicity. (c.f. Coz et al. (11, Chapter 6.4)).

THEOREM 5.10: Let £ = (f1,..., fn) C Rlxy,...,2,] be generic homogeneous
polynomials of degree d = (dy,...,d,) and let n, v, 0 satisfying (29) and the
matriz 3,,,(f) be as in Definition 5.7. Let p be the vector

p = (mzl cxeW ,xZ/ . xa(N)) (35)

J/

-~

[Mon(é—n)]
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as in (34). Assume that Haq(v) < 6 —n. Then for all k > 0 such that Hq(v) <
k <6 —mn, the pair (3,,(f), p) has the k-strong subresultant property with respect
to the affine k-set F (see Definition 3.9) defined as

Fr = {f | dim(Z) =0, dimy k[x]*/Z% = deg(Z) = k and o(I) < v}.

Here £ = (fy, . ,fn)ﬁ k[x]|" is a coefficient specialization of f, T is the ideal

generated by fi,..., fn n K[x], kK[x]* = K[z1,...,2,_1], dim(Z), deg(Z) and
o(Z) are defined in Definition 5.8.

The Theorem follows from the following two lemmas:

LEMMA 5.11: Let Fy,, fe Fow and I C k[x] be as in Theorem 5.10. Assume
that there exists T C Mon(d — n) with cardinality k := |T| < § —n such that
S := 27T generates k[x],/Z,. Then there evists a submatriz Jy (£) of 3,.(f)
such that after removing the columns of J; (f) corresponding to T, the result-
ing matriz is square and have full rank. Moreover, the pair (J (f),p) has the
subresultant property with respect to I, where p is defined in (35).

Proof: We use the notation introduced in Definition 5.7. Let By C €, Mon(n—
d;,n')* be such that the corresponding columns of ¢y, form a basis for its

column-space. First we will prove that the columns of Jm,(f' ) corresponding to

Mon(é —n) —7 U By are linearly independent. Let By C Mon(d —n) —7 be such

that the columns of Jnv,,(f') corresponding to By U By form a basis for the space

of columns of I, () not corresponding to 7. Let Cy := Mon(6 — 1) — By — 7.
It is sufficient to prove that

(k<8> ® iy) N k(@ - Cy) = {0}, (36)

since it implies that Cy = ) since S generates k[x], /Z,. To prove (36), assume
that 27 ¢(x) is an element of the left hand side of (36). Then there exists r(x) €
k(Mon(§ — n)) such that

2r(x) = 27 q(x) + Z cor? x* € 1,
x*eT

for some ¢, € k. Then by (35, Proposition 3.2.8) there exists p(x) € Zs_, such
that (p(x)+7(x),0) are in the image of the map ,, ,, & ¢; . Here 0 denotes the
zero vector in @, k(Mon(n—d;,n'))*. However, p(x) is in the image of the map
¢5_,, therefore the coefficient vector of (r(x),0) is in the row space of I, (f).
Therefore, the coefficient vector of (¢(x),0) is generated by the rows of J,W(f’ )
with the columns corresponding to 7 removed. But this implies that ¢(x) = 0,
since ¢(x) € k(Cy), thus the coefficient vector of (¢(x),0) is zero outside of Cs,
so by the definition of C; it must be identically zero.
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This implies that the submatrix of .'In,l,(f') with columns corresponding to
Mon(d — n) U By has rank at least [Mon(d — n)| + |By| — k. Thus there ex-
ists a subset of rows of cardinality |Mon(é — )| + |Bi| — k which are linearly
independent. The resulting matrix, which we denote by J%’V(f'), clearly satis-
fies the first claim of the lemma. To prove the second claim, first note that the
assumption that |7 | < § —n implies that condition (2) of the subresultant prop-
erty is satisfied. We will prove condition (1) similarly as in Proposition 5.6. Since
B generates the columns of Jw(f') corresponding to €;_, Mon(n — d;,n')*, by
Szanto (35, Lemma 3.2.7) we have that €2, ,/ - p (see Definition 5.3) is in the
space generated by the columns in B; modulo the ideal Z. This implies that
there exists ai, ..., ap,| such that if

L n al n' a(N
q:=(z; -x W e xel 1,a1,...,a|31|)

vV TV
P | B1l

then the entries of the vector J %V(f' ) - q are in the ideal Z. This proves condition
(1) of the subresultant property. a

LEMMA 5.12: Let T be a homogeneous ideal in K[y, ..., z,] and for v > 0 let

7T, be the degree v homogeneous part of . Assume that all common roots of T
are in the affine subspace defined by x,, # 0. Define

k:=deg(Z) and vy:=o0(T).

Then there exists a set of monomials T C Mon(k) of cardinality k such that
xv KT generates k[x], /T, for all v > max(k,vp).

Proof: Let {hq,...,hx} be a Grébner basis for Z w.r.t. the graded reverse lexi-
cographic order. Let

sat(Z) :={f €ek[x] | ImVi z["f € T} (37)

be the saturation of Z, which is equal to (Z : z2°) (c.f. Eisenbud (16, Exercise

15.40)). Let
hi .
gi = 1=1,...,N,

mg
In

where m; is the highest power of x,, which divides h;. Then, by (16, Proposition
15.12), G := {g1,...,gn} forms a Grébner basis for sat(Z). Since all the roots
of 7 satisty x,, # 0, therefore deg(sat(Z)) = deg(Z) = k. This and the fact that
the regularity of a saturated ideal is at most its degree implies that

dim (k[x|,/sat(Z),) =k Vv > k.

Let AV be the (infinite) set of monomials not in (1t(G)), the polynomials generated
by the leading terms of the elements in G. Define 7 C Mon(k) to be

T :=N,
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the degree k elements in . Then by (16, Theorem 15.26) 7 forms a basis for
k[x]x/sat(Z)y.

Next we prove that 2~ *7 forms a basis for k[x], /sat(Z), for all v > k. First
consider v = k + 1. Let x* € Mon(k + 1). If ,,|x%, then it is clearly generated
by 2,7 modulo sat(Z);1. Next assume that z,, [x% Let 74 := T|,,—;. Since

k[Z‘l, e ,(L’n_l]

=k
sat(Z)4

dimk

where sat(Z)“ is generated by the polynomials in sat(Z) after substituting z,, =
1, therefore 74 forms a basis for k[x]*/sat(Z)4. Since x°®|,,—1 = x%, we have

that N
X = Zq{‘gf‘ + Z caX’ |4, 21
i=1

xPeT

where deg(g7'¢!) < |a| = k + 1. Note that since the left hand side only contains
a monomial of degree k + 1, therefore all the monomials on the right hand
side which have degree < k must add up to 0. Also note that if ¢ # 0 then
deg(g;) < k+1, otherwise g; would be divisible by a power of x,,, contrary to its
definition. Let ¢; be the homogenization of ¢! multiplied by a power of z,, such
that deg(g;g;) = k + 1. Then all the terms which are divisible by x,, in

N
Z(jzgz + Z Caxnxﬁ
=1

xPeT

must add up to 0. Thus we have that

N
X =Y " Gigi+ Y camnX”,
=1

xBeT

which proves that z,7 generates k[x]yy1/sat(Z)yy1. For v > k + 1 we can use
induction and the proof is similar.

It remains to prove that 27 *7 also forms a basis for k[x],/Z, for all v >
max(k, 1g). By our assumptions on Z we have that dim kx|, /Z, = k, and since
7 C sat(Z) we must have that Z,, C sat(Z),. Thus Z, = sat(Z),, and the same is
true for their complement in k[x],. This concludes the proof. O

6. On affine k-sets and the regularity of Hilbert functions

In Theorem 5.10 we made certain assumptions about the polynomial systems
for which the strong subresultant property of Jouanolou’s subresultant matrices
hold. These included assumptions on the dimension and location of the roots of
the system, and on the regularity of its Hilbert function: all of these are in general
difficult to verify without the computation of the structure of the factor algebra.
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This section, together with the Appendix written by Marc Chardin, are devoted
to a discussion on what can be said about the validity of these assumptions
without the computation of the structure of the factor algebra. First recall the
assumptions we needed in Theorem 5.10.

ASSUMPTION 6.1: Let f = (f1,..., fn) € klz1, ..., 2,]" be homogeneous polyno-
mials of degreesd = (dy, . .., dy) and let T be the ideal generated by fi,. .., fn. Let
v,m be as in Theorem 5.10. We assume that £ satisfies the following conditions:

Al. dim(Z) = 0, or equivalently the Krull dimension of the ring kK[z1, ..., x,]/T
15 1.

A2. Ha(v) < dimyk[xy, ..., 2, 1]/T* = deg(Z) <5 — .
A3. o(Z) <w.

In the first part of this section we discuss assumptions Al and A2 which
are related to the dimension, cardinality and location of the common roots of
f. Considering assumption A3, as we mentioned earlier, the paper contains an
Appendix, written by Marc Chardin, which proves upper bounds for the regu-
larity of the Hilbert function using the fact that the system is “almost complete
intersection”, i.e. that there is only one extra polynomial to make the system
over-constrained. In the second part of this section we relate the results of Marc
Chardin on the regularity of the Hilbert function of I to the subresultant method.

Polynomial systems that satisfy assumptions A1l and A2 have a set of projec-
tive roots that is finite, non-empty and is in the affine space defined by x,, # 0.
Unfortunately, these properties are often not inherited from the affine system
to its homogenization: even if the affine system is zero dimensional, it often has
common roots at infinity, and sometimes components with higher dimension. For
example, the ideal generated by {z? — x, 25 — 2%, 13 — 23} is zero dimensional,
but its homogenization by x4 contains the projective line (0 : 1: ¢ : 0) at infinity.
(For more on computing the ideal defining the projective closure of an affine
variety, see Eisenbud (16, Chapter 15).) The following notes are practical ways
to handle the situation when assumptions A1 and A2 are not satisfied.

L. If (f1,..., fn) defines a zero dimensional projective variety, then there is
a simple way to check whether it has roots at infinity: Let ¢1,...,9,-1 €
k[zq,...,x,] and define

(1, 1) = gi(w, .o 201,0) i=1,...,n—1.

Then
RGS<§17 cet agnfl) 7& 0
if and only g1, ..., g,—1 has no common roots at infinity (i.e. at x,, = 0) (c.f.

Cox et al. (11, Chapter 3, Theorem 3.4)). Here the resultant is taken with
respect to the variables xq,..., 2, 1. From our n polynomials (fi,..., fn)
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to get n — 1, we can form n — 1 generic or random linear combinations
g1y -+ gn_1 out of f1,..., fn. (More precisely, either introduce n(n —1) pa-
rameter values for the coefficients of the linear combinations, or use random
integer coefficients.) This gives a deterministic or a randomized algorithm
to check the condition A2 in Assumption 6.1.

2. If (f1,..., fn) defines a zero dimensional projective variety, then a random
homogenous linear change of variables will turn all roots so that z, # 0
with high probability.

3. For polynomial systems having positive dimensional components at infinity
the straightforward application of resultant and subresultant based methods
will not work. However, to find the isolated roots of a well-constrained sys-
tem with higher dimensional components, the so called “generalized char-
acteristic polynomials” method (see Canny (5)) extends the u-resultant
method to handle this case. In this paper we do not consider the possi-
ble extension of the subresultant method to solve over-constrained systems
with positive dimensional components.

We finish the paper by investigating on the regularity of the Hilbert function
of Z. The following list contains facts and related results which might help to
predict whether Assumption 6.1(3) is satisfied.

1. Assume that (fi,...,f,) € k[x]" is homogeneous of degree (di,...,d,),
and that dim(Z) = 0 where Z is the ideal generated by fi, ..., f,. Then the
regularity of the Hilbert function of Z in the worst case is at most § (c.f.
Appendix, Corollary 7.12). This implies that in the worst case we can use
Jouanolou’s subresultant matrices in degree 0: for all 1 < k < —n, s,
has the k-strong subresultant property with respect to all systems satisfying
assumptions Al and A2. However, in many cases we have a priori knowledge
about the regularity of the Hilbert function being smaller than in the worst
case.

2. If the ideal 7 is saturated, i.e. sat(Z) = Z where sat(Z) was defined in
(37), then, as we mentioned earlier, o(Z) < deg(Z) — 1. Note that using
Assumption 6.1(A2) and (29) we get that deg(Z) < § —n < v, therefore
assumption (3) is always satisfied for saturated ideals.

Computing the saturation of an ideal, or its degree d components might re-
quire the computation of Grobner bases (see Eisenbud (16, Chapter 15.10)),
or the computation of H-bases originally introduced by Macaulay (see Moller
and Sauer (31)). However, using Grobner bases or H-bases one could directly
compute the common roots.

3. Corollary 7.5 of the Appendix implies that if, in addition to Assumptions
(A1) and (A2), we also have that the projective variety defined by Z is not
contained by any degree 0 — v hypersurface, then v is an upper bound for
o(Z), i.e. Assumption (A3) is also satisfied.
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4. According Remark 7.8 of the Appendix, one of the equivalent conditions
of Corollary 7.7 together with Assumptions (A1) and (A2) implies that
the degree v subresultant I'*"(f) corresponding to the monomial set 7 :=
{x2v=9x : |a| = §—v} is not zero. This implies that the degree v Jouanolou
subresultant matrix J, ,(f) have the subresultant property with respect to
7, unless the extraneous factor det(E;_,) det(E, /) is zero at f.
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7. Appendix: Castelnuovo-Mumford regularity of an al-
most complete intersection of dimension 1
by Marc Chardin

We give in this appendix a short account on the behavior of some invariants of
an ideal of codimension n — 1 in a polynomial ring in n variables over a field. We
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study in particular the Castelnuovo-Mumford regularity of such an ideal, give
some results on its Hilbert function or the one of its saturation. These results

can be easily derived from more general results on this subject (see e.g. (CEU,
2.3) or (Ch, 5.8)).

Let R := k[X3,...,X,] be a polynomial ring in n variables over a field, with
n > 2, f:=(fi,...,fa) be a n-tuple of forms of degrees d; > --- > d,, I be
the ideal generated by the f;’s and J its saturation with respect to the ideal
m:= (X1,...,X,). Set A:=R/I, B:=R/J, F:=J/I = H)(A), 0 :=>" d;
and 0 := o —n.

Let ‘Hp denotes the Hilbert function of a graded R-module P.

In this appendix we will assume that dim A = 1 (equivalently dim B = 1).

The Castelnuovo-Mumford regularity of a finitely generated graded R-module
M can be defined in the following way using the local cohomology modules with
support in m :

reg(M) ;= min{y | H.(M),_; =0, Yv > p, Vi}.

It can also be defined in terms of a minimal free R-resolution of M, or in terms
of the initial degrees of the modules Ext’ (M, R) (see e.g. (Ei, 20.5)), from which
it follows that reg(M) > indeg(M). (The initial degree of a module M, denoted
by indeg(M), is the infimum of the degrees of its non zero elements.)

We refer the reader to (BH) for standard facts on local cohomology, Koszul
complexes, canonical modules, Hilbert series, etc.

Recall that, for v > 0, one has Hu(v) = Hp(v) = deg X, where X :=
Proj(A) = Proj(B) is the zero dimensional scheme defined by A (equivalently
by B).

PROPOSITION 7.1: For any v € Z,
(1) Ha(v) = Hp(v) + Hr(v),
(it) Hp(v) = deg X — Hpyy (5)(v),
(iii) HH&,(B)(”) = Hup (V).

Proof. (i) follows from the graded exact sequence 0— F— A— B—0, (ii) follows
from (BH, 4.3.5) and (iii) from (BH, 3.6.19). O

Let K be the Koszul complex K,(f;R) with its usual grading (K, = R,
K, = R|—0o]) and H; be its i-th homology group.

Denote by Py € Z[t~'][[t]] the Hilbert Poincaré series of a finitely generated
graded R-module Q: Py(t) := >, ., Ho(v)t".

PROPOSITION 7.2: (i) H; =0 fori# 0,1,
(i) Hy = A and Hy ~ Ext% (A, R)[o] ~ Ext}; (B, R)[o] ~ wpd],
(iii) 32, (1) Pu,(t) = 32,(=i) Prc,(t) =TIy (Lt 4571 = 375, Ha ()t



A. Szanto: Solving systems by the subresultant method 33

Proof. (i) and (ii) follows from (BH, 1.6.16, 1.6.9, 1.6.10, 3.6.12 and 3.6.14), and
the fact that the canonical onto map A— B induces an isomorphism Ext’y '(A, R) ~
Ext% (B, R). In (iii), the first equality is standard and easy and the second is
a classical exercise. ]

PROPOSITION 7.3: For any v € Z, Ha(v) = Hq(v) + deg X — Hp(d — v).
Therefore the following are equivalent :

(1) Ha(v) = Ha(v),

(i) v < § —reg(B).

Proof. Ha(v) = Ha(v) + Hu, (v) = Ha(v) + Hep (v — ) by Proposition 7.2.
This proves the first claim together with Proposition 7.1 (ii) and (iii).

For the equivalence of (i) and (ii) recall that as H.(B) = 0 for i # 1 and
the Hilbert function of B strictly increases from 1 in degree 0 until it reaches
deg(X), reg(B) = min{yu | Hp(p) = deg(X)} by Proposition 7.1 (ii). O

COROLLARY 7.4: Hp(v) = Hp(6 — v) for any v. Therefore,
reg(A) = max{reg(B),d — indeg(J/I)}.

Proof. The first claim follows from Proposition 7.3 and Proposition 7.1 (i), us-
ing that Hy(v) = Ha(0 —v), which for instance follows from Proposition 7.2 (iii).
To conclude, recall that F = J/I = H2(A) and reg(A) = max{reg(B), end(F)}.
The symmetry Hp(v) = Hp(6 — v) shows that end(F) = § — indeg(F). O

COROLLARY 7.5: The following are equivalent :

(i) Ha(v) = Hp(v) = deg X,

(ii) either v > § — indeg(.J) or v < indeg(J) and deg X = (*I"1).
PROPOSITION 7.6: min{v | Hp(r) = deg X} = reg(B) = reg(J)—1 > indeg(J)—
1.

Proof. The first equality follows from Proposition 7.1 (ii) as B is Cohen-
Macaulay of dimension 1, the second is due to the equality B = R/J and the
third is evident. O

Notice that if v < indeg(J) < indeg(/) then A, = B, = R,, and therefore
HA(V) = HB(I/) = Hd(l/).

COROLLARY 7.7: Let v > indeg(J). The following are equivalent :
(i) Ha(v) = Hp(v) = Ha(v) = deg X,
(ii) v =& — indeg(J) + 1 and deg X = (")) n=2),

(iii) X is a scheme of degree Hr(p) not contained in a hypersurface of degree
i, for some p < indeg(Il) and v =0 — p.
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Proof. If (i) holds, then v > § —indeg(.J), by Corollary 7.5 and v < § —reg(B)
by Proposition 7.3, this shows (ii) in view of Proposition 7.6.

Clearly (ii) implies (iii) with g := indeg(J) — 1. On the other hand if deg(X) =
Hr(p) then indeg(J) < p+ 1 as Hp(p+1) < deg(X) = Hr(n) < Hr(p+ 1),
hence p = indeg(.J) —1 if X is not contained in a hypersurface of degree p, which
shows (ii).

Notice that

Ha(d — v) = Hp(indeg(J) — 1) = Hp(indeg(J) — 1) = (iﬂdeg(J) +n— 2>.

n—1

If (ii) holds, then reg(B) = indeg(.J) — 1 by Proposition 7.6, this implies (i) in
view of Proposition 7.3 and Proposition 7.5. O

REMARK 7.8: If one of the equivalent conditions of Corollary 7.7 holds, for
instance if (iii) holds, notice that if X does not meet the hyperplane X; = 0,
then X; is a non zero divisor on B, hence the monomials X "X with |a| = u
form a basis of B, for allv > p. As As_,, ~ Bs_,,, it follows that the subresultant
associated to this collection of monomials in degree 6 — p is not 0.

PROPOSITION 7.9: Let b := (g1,...,gn_1) be a complete intersection ideal con-
tained in J. Then reg(B) = 31~ (deg(g;) — 1) — indeg((b : J)/b).

Proof. Set o' := Z;:ll deg(g;). One has graded degree zero isomorphisms
(b:J)/b ~Homp(R/J,R/b) ~ Homp(R/J, wrjs[n — 0']) ~ wg/y[n — o]

hence indeg((b : J)/b) = indeg(wr/s) —n+ o = —end(HL(B)) —n+ o =
—reg(B) + 1 —n+ o'. The claim follows. O

LEMMA 7.10: Assume k is infinite. If f, # 0, then the ideal I contains a
complete intersection ideal of codimension n — 1 defined by forms of degrees

dnydh s adn—Q-

Proof. The element f, is a not a zero divisor on R. One then construct by
induction a regular sequence f,, g1,...,¢; with g; = fi+>_ i~ @ij [; homogeneous
not in any associated prime of J; := (fn,1,...,9i-1), for i < n — 2, using that
a complete intersection ideal is unmixed, so that the associated prime of J; are
all of codimension 1. O

COROLLARY 7.11: One has
reg(B) <0 —d, 1

unless J = I is a complete intersection ideal and deg X = dy - - - d,,_od,,, 1n which
case reg(B) =0 —d,—1 + 1.
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Proof. We may assume that k is infinite. It the follows from Proposition 7.9
in view of Lemma 7.10. |

COROLLARY 7.12: Assume that I is a complete intersection ideal defined by
forms of degrees dy, ..., d,_2,d,. Then Hg(v) = deg X for anyv > §—d,_1 and

reg(A) < 0 — min{d,_y, indeg(J/I)}.
Moreover, equality holds if indeg(J/I) < d,_;.

Proof. This follows from Corollary 7.4 and Proposition 7.6 in view of Corollary
7.11. O
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