Lecture Notes 3.
MA 722

1. GEOMETRIC RESOLUTION

The “Geometric Resolution” of an algebraic variety V is a special kind of tri-
angular representation T' = {f1,..., fn} where fi € k[u1,..., Um, 1] monic in x;
and

fi=pilur,...,um)z; — q(ur, ..., um,x1) 1=2,...,n
such that p; # 0 and ¢; is pseudo-reduced modulo f;. Similarly to the triangular
representation computed by Wu’s method, we will require that the polynomials
which pseudo-reduce to zero modulo T are the ones which vanish on V' generically
(see previous lecture notes). Geometric resolution of higher dimensional varieties
were first used by [GH91].

Not all varieties admit such a simple geometric resolution. First of all, since the
V(T) is always “equidimensional”, i.e. each of its irreducible components have the
same dimension, therefore V' has to be equidimensional as well. V' being equidi-
mensional is almost sufficient for the geometric resolution to exist. In this lecture
notes we will prove that there exists a linear change of coordinates such that in the
new coordinate system V admits a geometric resolution. As it turns out, a random
linear change of variables will work with high probability. In later lecture notes we
will give methods to compute a geometric resolution.

First we discuss the case when m = 0, i.e. V is zero dimensional.

1.1. Zero Dimensional Case. In the zero dimensional case the Geometric res-
olution is called Rational Univariate Representation (see [Rou96, Rou99]). The
following theorem, called the “Shape Lemma”, is the heart of the theory behind
the rational univariate representation:

Theorem 1.1 (Shape Lemma). Let k be algebraically closed. Let I be a zero
dimensional radical ideal in k[z1,...,x,]. Assume that V(I) has m points such
that their xi-coordinates are all distinct. Then the reduced Grobner basis G for
I with respect to the lexicographic order with x1 being the last variable has the
following form: G consists of n polynomials

g1 = "+ hi(z1)

g2 = x2+ha(zy)

gn = Tp+ hn(fbl)
where hy,...,h, are polynomials in x1 of degree at most m — 1.
Proof. First we prove that the equivalence classes [1], [z1],...,[z]* '] form a ba-
sis for the k-vector space k[x1,...,z,]/I. They are linearly independent over k,
otherwise there exist cq, ..., ¢n_1 € k such that

g(iﬁl) =cop+cix1+---+ Cm—ll';n_l cl.

Let &11,- - -, &m,1 be the m distinct first coordinates of the points in V(I). Since g €

I, we have g(§;,1) =0foralli =1,...,m, which gives a homogeneous linear systems

for cg,...,cm—1 with coeflicient matrix being a Vandermonde matrix. Using the

fact that the Vandermonde matrix of m distinct numbers is non-singular implies
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that all ¢; = 0.
To prove that [1], [z1], ..., [2]* '] generates k[z1, ..., x,]/I, it suffices to prove that

dimy, k[z1, ..., z,])/T < m.
Consider the map
6 ko, wal/T = C™ [f] o (FE), o fEm)) & € V(D).
If [fo] is in the kernel of ¢ then fo € I(V(I)) = VI = I, thus [fo] = 0. Thus

dimy, k[z1,...,2,]/T < m. This proves that [1],[z1],...,[z7" '] form a basis for
klxy,...,xn]/1.

Now, if we express [z]"], [x2], ..., [z,] in this basis, we get that polynomials of the
form ¢1,...,9gn lie in the ideal I. Thus V(I) C V(g1,...,gn). Since g1,..., gy has
at most m common roots, therefore V(gi,...,9,) = V(I) which implies that

I= <gla"'7gn>

since I is radical. Note that ¢1,..., g, forms a Grébner basis for the order described
in the claim. O

1.2. Positive Dimensional Case. The positive dimensional version of the Shape
Lemma is as follows:

Theorem 1.2 (Geometric Resolution). Let k be a field of characteristic zero and

k be its algebraic closure. Let I C k[xy,...,x¢] be a radical ideal such that all

irreducible components of V(I) C ' have dimension m. Then there exists a linear
change of coordinates

t t
Y1 = g C1,iTiy vy Yt = E CiTi, Cij €k
i1 i=1

such that y1,. .., ym are algebraically independent over the irreducible components
of V(I), and if I C k[y1,...,y:] is the ideal obtained from I after the change of
variables, then the ideal generated by I in k(y1, ... Ym)[Ym+1,---,Yt] is the same as
<Pa L’m+la sy Lt> C k(yla tee ym)[ym-‘rla s ayt]a
where P € kly1, ..., Ym+1] 18 monic in ymi1 and
Lypyo = Qm+2 (y1, cee aym) Ym2 + Rmpa (y1, cee aym—i-1)7
Ly = Qiy1, - ym) Yt + Re(y1, -+ Yme1)s

with Qm+i € kly1,-- . Yml, Rumti € kly1,- .. Ym, Ymt1] and deg, . (Rmyi) <
deg, . (P) foralli=2,...m—t.

We will need to prove three lemmas in order to prove the Theorem 1.2. These
lemmas are important on their own right.

Lemma 1.3. Let I C k[z1,..., x| be a radical ideal such that all irreducible com-

ponents of V(I) C %' have dimension m. Then there eists coordinates LTigye-osTiy,
such that the homomorphism

o K[z, ..o m ] = ke, x] /T

18 injective.



Remark 1.4. ¢ being injective is equivalent to z;,,...,z;, being algebraically
independent over some of the irreducible components of V(I). Moreover, if k is
algebraically closed, then ¢ is injective if and only if the projection

—t
m: k %Em; (X1, sme) = (@, T,)

restricted to V(I) is “generically surjective”, i.e. the image 7(V(I)) is k  minus
perhaps a lower dimensional algebraic set.

Example 1.5. If V = V(2125 — 1) then V is irreducible and z; is algebraically
independent over V', but the 1 = 0 point is not in the projection 7(V'), thus we
need the term “generically surjective”. We also need that k is algebraically closed:
if I = (2% +y? — 1) C k[z,y] then m = 1 and we can choose either z or y to be
algebraically independent over V(I). |y : (z,y) — (x) is surjective if & = C,
but not surjective if k = R.

If I = (x — 3) C k[z,y] then m = 1, but z is not free over V(I).

Proof of Lemma 1.3. If m = 0 then we don’t need to prove anything. Assume that
m > 1. For j =1,...,t we define

;1 kx| = Elxy, ... 2 /1
Then there exists j such that ker(y;) = {0}, otherwise, if for all j there exists
pj(x;) # 0 € ker(p;), then we would have
pi(z1), .. pelay) €1

which would imply that dim(V(I)) = 0. Define i; to be such that ker(y;,) = {0},
which proves the m = 1 case.
If m > 2 then define for j =1,...,¢, j # 41

©iy,j - k‘[mil,x]—] — k‘[ml,...,xt]/f.

Then there exists j such that ker(y;, ;) = {0}, otherwise, similarly as above, we
can prove that dim(V(I)) = 1. Define is to be such that ker(y;, ;,) = {0}, which

proves the m = 2 case. We can use induction to define i1, ..., 7, as above. [l
Next we define a property of the coordinate system {z1,...,2:} which assures
that x1,...,x,, is algebraically independent over all irreducible components of V.

‘We need two definitions first.

Definition 1.6. Given a commutative ring R and a ring extension S, an element

s of S is called integral over R if it is one of the roots of a monic polynomial with

coefficients in R. S is called an integral extension if every element of S is integral

over R.

Definition 1.7. The coordinate system {xi,...,x:} is in normal position with
—t . . .

respect to V(I) C k if there exists m < ¢ such that the homomorphism

o K[z, .. xm] = K[z, xe] /T
is injective and k[z1,...,x|/1 is integral over k[x1,..., Zm].

Remark 1.8. Suppose {21, ..., x;} is in normal position with respect to V(I) C k.
Then for all irreducible components V' of V(I) of dimension m, z1, ..., z,, are alge-
braically independent over V/. We will prove this in the Appendix below. Moreover,
if k is algebraically closed, then normal position implies that the projection

—t pa—
Tk =k (@1, @)~ (T, )



restricted to V(I) is generically surjective and finite (each point has finite pre-
images).

The next lemma is the well-known Noether Normalization Lemma, proving that a
linear change of variables is sufficient to get a coordinate system in normal position.

Lemma 1.9 (Noether Normalization Lemma). Let k, I, V(I) and m as in Theorem
1.2. Then there exists a linear change of coordinates

¢ ¢
Y1 = E C1iTiy o Yp = E Cti%i Cij €K
i=1 i=1

such that yi,... yeis in normal position w.r.t. V(I), i.e. k[yi,...,y]/I is an
integral extension of k[y1,...,ym]). Here I C Ekly1,...,yt] is the ideal obtained from
I after the change of variables.

Proof. If t = m then k[z1,...,x¢]/I is clearly integral over klx1,...,z,]. If t > m
then the equivalence classes [z1],...,[z¢] in k[z1,...,2:]/I are algebraically depen-
dent over k. Therefore, there exists a polynomial F' # 0 € k[z1,...,2i—1, %]
which vanishes modulo I. F is possibly not a monic polynomial in x;. Let
Uy 1= T1 — Q1 T4, ..., U—1 = Ty—1 — QG—1T; Where aq,...,a;—1 € k will be spec-
ified later. Then
F(zy, .. ze1,1¢) = Flur+ a1, .. u1 + a1, )
= f(al, RN at_l)a:ft + q(ul, - ,ut_l,mt)
= F(ulv cee 7ut—laxt)

where f is some non-zero polynomial in ¢ — 1 variables and deg,,(¢) < d;. If
we choose ai,...,a;_1 such that f(ay,...,a;_1) # 0, then F/f(ai,...,a; 1) is
a monic polynomial in z; vanishing modulo I, where I C k[u1,...,us_1, 7] is
obtained from I by substituting u; + a;z; into x;. This shows that [x:] is integral
over kfuy,...,u;—1]. By induction on ¢, there is a linear change of coordinates
Y1y -5 Yr—1 of up, ..., up_q such that klyi, ..., y—1]/(I Nkly1,...,y:—1]) is integral
over k[y1,...,Ym]. Here I is as in the claim.
Let y; := x;. We will prove that [y:] satisfies a monic polynomial with coefficients in
kly1,--.,ym]. To prove this, we will use the so called determinant trick. The above
argument implies that there is a finite set of elements hq,...,An € kly1,..., Yt
such that the set }

(s [T} € Kl /T
generates k[y1,...,y./I as a k[yy, ..., ym] module. For example, {[y;’fjf eyl
0 <imi1 < dmtt,--.,0 <iy <d;} will work as generators, where d; is the degree of
some monic polynomials in T Nk[y1, ..., y;—1][y:], which we proved to exist. We can
assume that h; = 1. Therefore, there exists f; ; € k[y1,...,ym] fori,j=1,...,N
such that

N
[yehi] = Z fijlhy]

in k[y1,...,yi—1,y]/I, or equivalently
N

> (Gijlyel = £i.g)[hy] = 0.

Jj=1



This can be written in a matrix form as Ah = 0, where
A= (6i7jyt - f@j)ﬁj:l € k[yla s 7ymHyt]NXN and h = (hj);vzl € k[ylv B 7yt]N'

Multiplying A by its adjoint, we get that Dh € I where D is the diagonal matrix
with det(A) in its diagonals. Thus, det(A)h; € I for all j = 1,..., N, and in
particular, for h; = 1, det(A)-1 € I. Now det(A) gives the desired monic polynomial
with coefficients in k[yi, ..., ym] vanishing on [y;]. O

Remark 1.10. In the above proof we also showed that k[yi, ... ,yt]/f is integral
over k[y1, ..., ym] if and only if it is finitely generated as a k[y1, .. ., ym]-module. In
general, a similar proof shows that a commutative ring extension S of R is integral
over R if and only if S is finitely generated as an R-module.

This also implies that k(y1, ..., Ym)[Ym1,---ve]/{I) is a finite dimensional vector

space over the fraction field k(y1,...,ym). Here (I) denotes the ideal generated by
I in the ring k(y1, -« Ym) [Ymt1s - - - Yt)-

Finally, our last lemma proves that if {z1,...,2;} is in normal position with
respect to V(I), then there exists a primitive element [u] € k[z1,...,2]/I such
that [u] generates k[x1,...,2¢]/I as a k(x1, ..., 2, )-algebra.

Lemma 1.11 (Primitive element). Let k be a field of characteristic zero. Let

I C Kk[zy,...,2¢] be a radical ideal as above. Assume that {x1,...,z¢} is in
normal position with respect to V(I). Denote by (I) the ideal generated by I in
k(z1,...,zm)[Tm+1,--.,xt]. Then there exists

U= Cpt1Tmt1 + -+ Ty ¢ €K

such that the equivalence classes [1], [u],. .., [u?] generate
A=k(z1,. .. 2m)[Tmit, - 2] (D)
as a k(xy,...,xy)-vector space for some d > 0.

Outline of Proof. We will prove that if [u;] and [us] generate A as an algebra over
k(x1,...,zm) for some uy,uz € k(z1,. .., Tm)[Tm+1,- .., Te), then [u] := [ug] + Aluz]
is a primitive element for all except a finite A € k. Then the general case can be
proved by induction.

Since [u1] and [ug] are integral over k[zy, ..., %], there exist

fek(xy,...,en)U1] and g € k(x1,...,2m)[Us],

the “minimal polynomials” of [u;] and [ug], such that f(u1) is the generator of
the principal ideal (I) N k(z1,...,2m)[u1] and g(usz) is the generator of (I) N

kE(x1,...,2m)[usz]. Here Uy and Us are new variables. Since I is a radical ideal, one
can prove that f and g are square-free over k(x1,...,Zm).
We will prove that for all A € k, [u] := [u1] + A[ug] is a primitive element, unless

N

wa) —

where f(u}) = 0 and g(u}) = 0, which excludes only finitely many choices for .
It suffices to prove that [us] is in the algebra generated by [u] over k(x1,...,Zm),
since it also implies that [u;] = [u] — Alug] is also in this algebra.

Fix A, let U be a new variable and let

h(Us,U) == f(U — AUs) € k(x1,...,2m)[Us,U].
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Consider the Sylvester resultant Ro(U) of h(Usz,U) and ¢(Us) in the variable Us,
and the first subresultant polynomial

Ri(U)Uy + S1(U) € k(x1,...,2m)[Us, UJ.

By construction Ry(U) and Ry (U)Usz + S1(U) are both in (h(Us,U), g(U)), and
they have the property that Ro(y) = R1(y) = 0 for some y in the algebraic closure
of k(xy,...,zy) if and only if h(Us,y) and g(Uz) has more than one common roots,
counted with multiplicity. Since h([uz], [u]) = 0 and g([uz]) = 0, therefore

Ro([u]) =0 and Ry ([ul)[usz] + Si([u]) = 0.

However, Ry([u]) # 0, otherwise h(Us,[u]) and g(Usz) has at least two distinct
common roots (f and g are square-free), so there exist v} and v} such that f(u}) =0
and g(ub) =0 and

uy = [u] = Ay = [ur] + A([uz] — uj)
but we excluded this case for A. We can assume that Ro(U) is square-free over
k(x1,...,zm), otherwise we take its square-free part. If gedy(Ro(U), R1(U)) =
d(U), then d([u]) # 0 and Ry/d and R; are relatively prime, thus we can express

1=p(U)Ro(U)/d(U) + q(U)R1(U)
for some p,q € k(z1,...,x,)[U]. This implies that
0 = q([u]) (Ra([u])[ue] + S1([u])) = [uz] + q([u])S1([u])

which proves that [ug] is in the algebra generated by [u] over k(x1,...,Zm). O
Now we are ready to proof the theorem.

Proof of Theorem 1.2. In the Noether Normalization Lemma we proved that there
exists

t
I
Y = C1,iTq,
i=1

t
o
Y = Ct,i%sq
i=1

for some ¢; ; € k such that {y{,...,y;} is in normal position with respect to V(I).
Let I' C k[y),...,y;] be the ideal obtained from I by the change of variables, and
let (I') be the ideal generated over k(y},...,y.,). By the primitive element theorem
there exists

U= cm+1y;n+1 +--- 4+ Cty£ c €k
such that [u] is a primitive element of k(y1, . . ., yr ) [Ung1s - - - ¥i) /(L") over k(y1, ..., yp,)-
Assume that ¢4, # 0. Define y; := yj for i = 1,...,m, ym41 = u, and for
i=m++2,...,t, y; is defined to be one of the remaining y; such that j # m + k
and j > m. Let I C k[yi,...,y] be the ideal obtained from I’ after the change of
coordinates, let (I) be the ideal generated by I over k(yi,...,%m), and denote

A= k(yla v 7ym)[ym+1v O ayt}/<‘[>
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Clearly, {y1,...,y:} is also in normal position, and [y,,+1] is a primitive element.
Let D be minimal such that

[1]7 [ym+1]a sy [yﬁ—o—l}
generates the k(y1, .. ., ym )-vector space A. Since [y,,+1] is integral over k[y1, ..., Ym],

there exist P; € k[y1,...,ym| for j =0,...,D
D
D411
ymil ZP] ym+1
7=0

This defines the coefficients of the monic polynomial P in the claim. For all k =
2,...,t—mand j=0,...,D there exist 71, € k(y1,-..Ym) such that

Wmik] =Y Pk i Whga] €A

§=0
Let Q1 be the least common multiple of 7,44, ; for j =0,...,D, and
D .
Rm-i-k = Qm-i-k Z”‘m-l-k,j yfn+1 € k[ylv v Ym, ym+1]'
§=0

Then L1k = Qm+kYm+k + Rtk is the linear polynomial in y,, % in the claim.
We claim that

<P,Lm+17 cee ,Lt> = <j> C k(yl, e 'ym)[ym—‘rlv s ayt}~
By construction, P, Ly,11,...,L; € <f> Also, by the minimality of D we have that

dimA =D =dim k(y1,-.-Ym)[YUm+1s--->Yt)/ (P Lins1, - -, Lt)

which proves that the ideals above are the same. (I

Example 1.12. In this example we demonstrate what is the difference between
the different representations of algebraic sets: Grobner bases, Triangular Represen-
tation and Geometric resolution. Let

= {ay® —y*, 2% — 2}
Then G forms a Grobner basis for the lexicographic order with x < y < z. Also, G
is a triangular set for the variety V(G). However, it is not a geometric resolution,
since the second is not linear in z. Fortunately, {z,y, z} is in normal position, since
both [y] and [z] in k[z,vy,2]/(G) are integral over k[z]: zy® — y* € (G) is monic
in y and 2* — 2%y? € (G) is monic in z. Therefore, the primitive element theorem
asserts that u := y — Az is a primitive element for almost all \. However, after

substituting for example y = u + 2z in G we get that the Grébner basis w.r.t. lex
r<u<zis

G = {—42%® + 6220 — 4u'lz +ut, 322%utz 4 - ete. }

which shows that w is not a primitive element, since the second polynomial has a
leading coefficient depending on u. Other choices of \ are not working either.

The problem here is that I is not a radical ideal, and the “minimal polynomial” of
[y] is not square-free over k(z), so no primitive element exists (check where the proof
of the Primitive Element Theorem breaks down). To get the geometric resolution
of V(G) we consider the radical ideal I(V(G)), generated by

H = {23y — 2%, —ay + 2 —2° + 22, —x2 + 2y}.



Note that in practice we would not compute the radical of the ideal, but would in-
stead use the square-free factorization of the minimal polynomials of the generators
of the factor algebra. Notice that H already contains a subset

T :={—2°+ 22 2%y — 2}
which is a geometric resolution of V(H). Note that the ideal generated by T and by
H in k[z,y, 2] are not the same, hence the differing Grébner basis. Also, V(H) and
V(T) differ, since V(T) contains the superfluous component V(z,z). However,
T and H generate the same ideal in k(z)[y,z]. In fact, the polynomials which

pseudo-reduce to 0 modulo 7" are the same as the ones which vanish generically on
V(H).
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APPENDIX

Theorem 1.13. Let k be algebraically closed and assume that {x1,...,x} is in
normal position with respect to V(I) C k. Then for all irreducible components V'
of V(I) of dimension m, x1,...,xy, are algebraically independent over V'.

(a) Prove that for any irreducible variety V* C k*, and any f € k[x1, ...,z either
fel(V*)ordimV*NV(f) <dimV*—1.

Proof. Claim 1: For any irreducible variety V* C k', and any f € k[z1,..., 2]
either f € I(V*) or dimV* NV (f) < dimV* — 1.

Proof of Claim 1: Assume that V*NV(f) has the same dimension as V* but f ¢
I(V*). Denote dim(V*) = m. Let x;,,...x;, algebraically independent variables
over V*NV(f). Then z;,,...z,,, is also algebraically independent over V*, since
I(V*) Cc (I(V*), f). Therefore, any [y] € k[zy,...,2¢]/I(V*) is algebraic over
k(xiy,...x;, ). In particular, [f] is algebraic, so there exists a polynomial g €
kE(xiy,...x;, )[T] such that

9(xiy,y ..oy, f) € I(V).

Let g = Zj:o gi(zi,, ... x;, )T and assume that we chose g such that d is minimal.
Then g # 0, otherwise g(x;,,...x;, , f) is divisible by f, and using that I(V*) is
a prime ideal and f & I(V*), we could find a smaller degree polynomial vanishing
on [f]. However,

0=g(xiy,...xi,, f) =go(xiy,...x;,) mod (I(V*¥), f)

which implies that z;,,...x;, is algebraically dependent over V*NV(f), a contra-
diction.




9

Claim 2: If V! € V(I) is irreducible of dimension m and I(V') Nk[z1, ..., 2] #
{0} then there exists r > m such that all polynomials in I(V') N k[z1,...,zr—1, 2]
vanish modulo I(V') N k[z1,...,2—1].

Proof of Claim 2: Assume, to the contrary of the claim, that for every j =
0,...t—m there exisst g+, € I(V')Nk[x1, ..., Tm+,] such that not all coefficients of
Gm+j - as a polynomial in &, ; - are in I(V"’). Note that g, € k[z1,...,zn]NI(V")
exists by the assumption of the claim. Let V,, +; be the irreducible component of
V(9m» Gm+1,-- - Gm+;) which contains V’. (Note that V(gm, Gm+1,- - Gm+;) con-
tains V', so V. ; exists.)

We will prove that dim V), ; =t — (j+1) by induction on j. For j = 0 the claim
is trivial. For j + 1: gm4;4+1 cannot identically vanish on V,, +; since otherwise
Im+j+1 € IV ) Nk, oo 2myy]. But 1(Vy,, ;1) € I(V'), which would also
imply that gpmj41 € I(V') Nklz1,. .., Tmy ], contradicting the definition of g, ;.
Therefore, using part (a), we have that

dimVy, ;0 =dimV,, s NV (gmyj1) =dimVy, =1

which is equal tot — (j+1) —1=1¢— (j + 1+ 1), using the inductive hypotheses.
Thus, dim V' < dimV/ =¢— (¢t —m + 1) = m — 1 contradicting the assumption
that dim V' = m.

Proof of Theorem 1.13. Suppose there exists V' C V(I) irreducible such that
{x1,...,2m} is not algebraically independent w.r.t. V', i.e. (V') Nk[z1,...,2m] #
{0}. By Claim 2, there exists r > m such that all polynomials in I(V')Nk[z1,. .., zr—1, T;]
vanish modulo I(V')Nk[x1, ..., z,—1]. Then the equivalent class [z,] € k[x1,...,x:]/]
is not integral over k[x1, . .., x,,], otherwise there were a polynomial p[z1, ...,z z,] €
I c |(V’) that is monic in x,, so its leading coefficient 1 cannot vanish modulo
I(V')Nklzy,...,zr—1]. Thus {x,...,2:} is not in normal position w.r.t. V(I).

O



